For positive integers d, m, n ≥ 1 with (m, n) = (1, 1) and
Introduction
Spaces of polynomials and the motivation. The principal motivation for this paper derived from the two results obtained by Vassiliev [17] and Farb-Wolfson [4] . Vassiliev [17] described a general method for calculating cohomology of certain spaces of polynomials (more precisely, "complements of discriminants") by using a spectral sequence (to which and its variants we shall refer as the Vassiliev spectral sequence). The most relevant example for us is the following. For K = R or C, let P ⌋ for n = 3, where ⌊x⌋ denotes the integer part of a real number x. Remark 1.2. Remark that a map f : X → Y is called a homotopy equivalence (resp. a homology equivalence) through dimension N if the induced homomorphism
is an isomorphism for any integer k ≤ N. Similarly, when G is a group and f : X → Y is a G-equivariant map between G-spaces X and Y , the map f is called a G-equivariant homotopy equivalence through dimension N (resp. a G-equivariant homology equivalence through dimension N) if the restriction map f H = f |X H : X H → Y H is a homotopy equivalence through dimension N (resp. a homology equivalence through dimension N) for any subgroup H ⊂ G, where W H denote the H-fixed subspace of a G-space W given by W H = {x ∈ W : h · x = x for any h ∈ H}.
Next, recall the recent result obtained by Farb and Wolfson [4] . For positive integers m, n ≥ 1 with (m, n) = (1, 1) and a field F with its algebraic closure F, let Poly ) of all based rational maps f : CP 1 → CP m−1 of the degree d (It is well known that in this case, rational maps coincide with holomorphic ones). The space of holomorphic maps appears in various applications and has been quite extensively studied (eg. [7] , [16] ).
In a different context, the same is true for the space Poly
This space can be viewed as the space of polynomial functions "without complicated singularities" and thus plays an important role in singularity theory ( [2] , [17] ). The fact that these two spaces were closely related was noted and it was shown in [17] and [3] that they were stably homotopy equivalent. Recently this result was much improved and it was proved in [13] (cf. [7] ) that there is a homotopy equivalence
Farb and Wolfson showed that some of these topological results have algebraic analogues when F is a finite field F q . This leads them to ask if these spaces in (1.3) are isomorphic as algebraic varieties over arbitrary fields F. The affirmative answer would imply that that the underlying topological spaces in the cases F = C and F = R are homeomorphic. Curtis McMullen indeed has shown that this is true in the simplest non-trivial case (d, n) = (1, 2) by constructing an explicit isomorphism.
Moreover, if F = R and n = 1, the space Poly
of real rational functions considered by Segal in [16] . This space is an algebraic variety over R and one can ask if it is isomorphic (homeomorphic or homotopy equivalent?) to the variety Poly md,1 m (R) of real monic polynomials of degree md without m fold complex roots. Of course, the affirmative answer to the Farb-Wolfson question would also imply this. However, we have not been able to establish even homotopy equivalence in this case, and we will not consider this problem here.
On the other hand, there is another space of real rational maps which can be viewed as the real analogue of the space of complex ones and it was first studied by Mostovoy in [14] . Every such maps can be represented by n-tuples of monic real polynomials of the same degree d without a common real roots (but possibly may have common non-real roots).
1 This space contains Segal's space of rational functions and its closure is in the space of all continuous maps. By the analogy with the complex case, one can expect that this space will be homotopy equivalent to the space of real monic polynomials of degree nd which do not have real roots of multiplicity ≥ n. This is indeed true and it was shown in [11] (cf. [19] ). The spaces involved are not algebraic varieties; so the result is not implied by the positive answer to the Farb-Wolfson question.
Then the main purpose of this article is to generalize this result given in [11] for the space Q
m of monic K-coefficients polynomials of the same degree d, without n-fold common real roots (for K = C of R). We will also prove that an analogue of the homotopy equivalence (1.3) holds for the space Q Basic definitions and notations. For connected spaces X and Y , let Map(X, Y ) (resp. Map * (X, Y )) denote the space consisting of all continuous maps (resp. base-point preserving continuous maps) from X to Y with the compact-open topology, and let RP N (resp. CP N ) denote the N-dimensional real projective (resp. complex projective) space.
Note that Map(S 1 , RP N ) has two path-components Map
. From now on, let K = R or C, let d, m, n ≥ 1 be positive integers such that (m, n) = (1, 1), and we always assume that z is a variable. Let
m of K-coefficients monic polynomials of the same degree d such that the polynomials f 1 (z), · · · , f m (z) have no common real root of multiplicity ≥ n (but they may have a common complex root of any multiplicity).
(
n (K), where we identify C = R 2 in (1.5) if K = C, and f k (z) (k = 1, · · · , m) is the n-tuple of monic polynomials of the same degree d defined by
Note that P given in (1.1) for m = 1.
2 Similarly, one can define a natural map
It is well-known that there is a homotopy equivalence ( [9] )
We will denote the kN-skeleton of ΩS
(1.10)
This space is usually called the k-stage James filtration of ΩS N +1 .
Related known results.
Let D(d; m, n, K) denote the positive integer defined by
Recall the following known results for the case m = 1 or n = 1. [14] , [17] , [19] )
is a homotopy equivalence through dimension D(d; m, 1, K).
(ii) If d(K)n ≥ 4 and m = 1, the jet map
Thus, there is a homotopy equivalence Q d,1
Note that the conjugation on C naturally induces a Z/2-action on the space Q d,m n (C). From now on, we regard RP N as the Z/2-space with trivial Z/2-action, and recall the following result given in [11] .
The main results.
The main purpose of this paper is to determine the homotopy type of the space Q d,m n (K) explicitly and generalize the above two theorems (Theorems 1.4 and 1.5) for the case m ≥ 2 and the case n ≥ 2. More precisely, the main results are stated as follows.
is a homotopy equivalence through dimension D(d; m, n, K).
Note that the conjugation on C naturally induces the Z/2-action on the space Q n,R , we also obtain the following result.
is a Z/2-equivariant homotopy equivalence through dimension D(d; m, n, R).
Finally we have the following result.
Hence, in this situation, there are homotopy equivalences
This paper is organized as follows. In §2 we recall the simplicial resolutions and in §3 we construct the Vassiliev spectral sequences induced from the non-degenerate simplicial resolutions. In §4, we recall the stabilization maps and prove the key unstable result (Theorem 4.3) by using the Vassiliev spectral sequence. In §5 we prove the stability result (Theorem 4.5) by using the horizontal scanning map. Finally in §6 we give the proof of the main results (Theorem 1.6, Corollary 1.8, Theorem 1.9).
Simplicial resolutions
In this section, we give the definitions of and summarize the basic facts about non-degenerate simplicial resolutions ( [17] , [18] , (cf. [15] )).
N , let σ(v ) denote the convex hull spanned by v . Let h : X → Y be a surjective map such that h −1 (y) is a finite set for any y ∈ Y , and let i : X → R N be an embedding. Let X ∆ and h ∆ : X ∆ → Y denote the space and the map defined by
We make identification X = X ∆ 1 by identifying x ∈ X with (h(x), i(x)) ∈ X ∆ 1 , and we note that there is an increasing filtration
Since the map h ∆ is a proper map, it extends the map h ∆ + : X ∆ + → Y + between one-point compactifications, where X + denotes the one-point compactification of a locally compact space X.
Theorem 2.2 ([17]
, [18] (cf. [12] , [15] )). Let h : X → Y be a surjective map such that h −1 (y) is a finite set for any y ∈ Y, i : X → R N an embedding, and let (X ∆ , h ∆ ) denote the simplicial resolution of (h, i).
(i) If X and Y are semi-algebraic spaces and the two maps h, i are semialgebraic maps, then h
(ii) If there is an embedding j : X → R M such that its associated simplicial resolution (X ∆ ,h ∆ ) is non-degenerate, the spaceX ∆ is uniquely determined up to homeomorphism and there is a filtration preserving homotopy equivalence q
Remark 2.3. It is known that h ∆ + is actually a homotopy equivalence [18, page 156] . However, in this paper we do not need this stronger assertion.
The Vassiliev spectral sequence
In this section we construct a spectral sequence similar to the one frequently used by Vassiliev in [17] (which will will call simply "the Vassiliev spectral sequence" ) converging to the homology of Q 
n,K denote the map given by the projection to the first factor, and let (
n,K ) be the non-degenerate simplicial resolutions of π d,m n,K as in Theorem 2.2. Note that there is a natural increasing filtration
⌋ distinct common real roots of multiplicity n, the following equality holds:
By Theorem 2.2, the map π
By reindexing we obtain a spectral sequence
where
For a space X, let F (X, k) ⊂ X k denote the ordered configuration space of distinct k points in X given by
Let S k be the symmetric group of k letters. Then the group S k acts on F (X, k) by permuting coordinates and let C k (X) denote the orbit space 
∈ C k (R) be any fixed element and consider the fibre π −1 k,d (c). It is easy to see that the condition for a polynomial f i (z) ∈ P d (K) to be divisible by the polynomial k j=1 (z − x j ) n , is equivalent to the following:
In general, for each 0 ≤ t < n and 1 ≤ j < k, the condition f i (x j ) = 0 gives one linear condition on the coefficients of f i (z), and determines an affine hyperplane in P d (K). For example, if we set
. .
. . .
and so on.
, it follows from the properties of Vandermonde matrices that the the condition (3.7) gives exactly nk affinely independent conditions on the coefficients of f i (z). Hence it follows that the space of m-tuples
m of monic polynomials which satisfy the condition (3.7) for each 1 ≤ i ≤ m is the intersection of mnk affine hyperplanes in general position, and has codimension mnk in P d (K) m . Therefore, the fibre π 
Lemma 3.3. There is a natural isomorphism
k , by using the Thom isomorphism there is a natural isomorphism
and this completes the proof.
Proof. Consider the spectral sequence
Then, for dimensional reasons and by Lemma 3.3, it is easy to see that E 
between one-point compactifications. Thus, we obtain the following commutative diagram
where Al denotes the Alexander duality isomorphism ands d,m * n+ the composite of the the suspension isomorphism with the homomorphism (s
Note that the maps d,m n,K induces the filtration preserving map
and it induces the homomorphism of spectral sequences
is an isomorphism for any s.
follows from the construction of the mapŝ
Hence, θ 1 k,s is an isomorphism. However, since the degree of the differential d t is (t, t − 1), it follows from Lemma 3.3 and dimensional reasons that the spectral sequence collapses at E 1 -term. Hence, E 1;d+ǫ * * = E ∞;d+ǫ * * for ǫ ∈ {0, 1} and the assertion follows. Now we prove the main key result. 
The proof of the following result will be given in the next section.
Proof. The assertion follows from Theorem 4.3 and Theorem 4.5.
Horizontal scanning maps
In this section, we prove Theorem 4.5 by using "horizontal scanning maps". We continue to assume that K = R or C. 
Remark 5.2. It is easy to see that an element α ∈ SP d (X) may be identified with the formal linear combination
We shall refer to α as a configuration of points, the point x i having a multiplicity d i . 
Note that restriction gives a homeomorphism
where the condition ( * ) is given by n,K (X)/ ∼, where the equivalence relation "∼"is defined by
for each 1 ≤ i ≤ m. Thus, points in A are "ignored". When A = ∅, there is a natural inclusion We need two kinds of horizontal scanning maps. First, we define the scanning map for configuration space of particles. From now on, we identify C = R 2 in the usual way.
Definition 5.7. Let I denote the interval I = [−1, 1], and let ǫ > 0 be a fixed real number. For each x ∈ R, let V (x) be the set defined by (5.13)
and let's identify I × I = I 2 with the closed unit rectangle {t + s √ −1 ∈ C : −1 ≤ t, s ≤ 1} in C. Now define the horizontal scanning map
n,K (I 2 , ∂I × I) denote the map given by 
Theorem 5.8 ( [6] , [16] ). If n ≥ 2, the stable horizontal scanning map
is a homology equivalence.
Proof. This can be proved by means of an argument similar to the one used to prove [16, Lemma 3.3] . Alternatively, we can prove this in exactly the same way as in [6, 
(ii) For each nonempty subset X ⊂ C, let Poly
m of the same degree sand not identically zero such that polynomials {f 1 (z), · · · , f m (z)} have no common real root in X of multiplicity ≥ n. When X = C, we write
Remark 5.10. It is easy to see that there are homeomorphisms Next we consider horizontal scanning for algebraic maps. Proof. This may be proved by using the well-known criterion of Dold-Thom as in the proof of [16, Lemma 3.3] . ev 0 is also a homotopy equivalence. Moreover, the maps q 2 and q 3 are also homotopy equivalences after imposing the base point condition at ∞. Now consider the map γ given by the second row of the above diagram after imposing the base point condition at ∞. 
Proof of the main results
In this section, we give the proofs of the main results (Theorem 1.6, Corollary 1.8 and Theorem 1.9). 
